Abstract: This article deals with the diophantine nature of the local constants associated to automorphic functions with respect to Fuchsian groups obtained from quaternion algebras. We focus on the canonical model of those curves arising from the quaternion Q-algebra of discriminant D = 6.
Introduction
Some of the most useful Shimura varieties arise as moduli spaces of abelian schemes with extra structures, in the same way as modular curves are moduli spaces of elliptic curves. In the 1960s, a convenient generalization of the complex multiplication theory for the modular case led Shimura to his theory of canonical models (cf. [21] , and [24] for a recent account of the theory).
One of the first applications of Shimura curves was provided in [13] . By using fine properties of the Néron models of the jacobians of modular curves and of Shimura curves associated to quaternion algebras, Ribet was able to prove a very particular case of a deep conjecture of Serre relative to the modularity of (mod p) Galois representations of dimension 2, stated in [19] . As is well known, this was the starting point of Wiles' proof of Fermat's Last Theorem (see for instance [20] ). At present, very intensive work has been carried out towards a general proof of Serre's conjecture.
In spite of their increasing interest, Shimura varieties have been much less studied from an effective point of view, even in dimension one. The reasons appear to be the lack of cusps and, consequently, the lack of Fourier expansions for the automorphic functions involved. In contrast, modular functions possess q-expansions at infinity, being q(z) = e 2πiz , which were already known by the classics.
In our previous articles [3] and [6] , we considered the canonical models of Shimura curves associated to the indefinite quaternion Q-algebra of discriminant D = 6. We expanded their functions at elliptic points and at some distinguished CM-points, called special (SCM for short).
This article is concerned with the characterization of the Q-rational functions of the canonical models through their expansions at CM-points. We will restrict our attention to the case of the quaternion Q-algebra of discriminant D = 6.
The article is organized as follows:
In sections 1 and 2 we summarize the contents of [6] to make our exposition self-contained. The functions defining the canonical models are introduced as solutions of non-linear differential equations of the third order which are set up from fundamental domains.
In section 3 we derive an interesting formula which expresses a particular quaternionic automorphic function through quotients of Siegel automorphic forms. In some sense, the formula is analogous to the one expressing the elliptic jfunction in terms of Eisenstein series (cf. [18] ).
In sections 4 and 5 we introduce some local parameters and obtain explicit expansions at the elliptic points and SCM-points for the functions in section 2. The local parameters adapted to these functions turn out to be of the form q P (z) = k P z − P z − P e P , e P being the order of the isotropy group at P and k P a constant of the same transcendence class as certain products of values of Euler's gamma function at rational arguments.
In section 6 it is proved that the constants k P agree, up to algebraic elements, with some specific constants π d which only depend on the discriminant d of the field of complex multiplication. The identification of the constants at the elliptic points and at the SCM-points involves the use of the Chowla-Selberg formula [17] . The transcendence of the π d -s, for every d, is established by means of a theorem due to Chudnovsky [8] .
The results in section 6 are generalized to every CM-point in section 7. Theorem 7.1 illustrates a theorem due to Shimura ([23] , theorem 7.1) and shows that the transcendental part of k P at a CM-point P agrees with π d . Finally, in theorem 7.3 we stress the arithmetical meaning of the parameters π d that is, that they allow the characterization of the canonical models through series expansions.
Let H 6 be the indefinite quaternion Q-algebra of discriminant 6, endowed with a basis {1, I, J, IJ} such that I 2 = 3, J 2 = −1, IJ = −JI. From the main antiinvolution of the algebra
the reduced trace and reduced norm of an element α ∈ H 6 are defined by
We consider the order O 6 := Z [1, I, J, (1 + I + J + IJ)/2] as a representative of the conjugacy class of all maximal orders of H 6 .
Throughout the paper we fix the embedding of algebras Φ :
The group of units of O 6 of reduced norm equal 1 can be identified with its image Γ 6 ⊆ SL(2, R) under Φ. The group Γ 6 and its projection Γ 6 := Γ 6 /{±1}
in PSL(2, R) are Fuchsian groups of the first kind without parabolic transformations. The action of Γ 6 on the complex upper half-plane H by homographies yields a projective non-singular curve of genus zero.
Let us consider an imaginary quadratic field K and suppose that there is an embedding ϕ : K → H 6 . The embedding ϕ determines a point P ∈ H, called a CM-point by K, which is fixed under all transformations in Φ(ϕ(K)). They include the elliptic points, in which case the field K is either Q(
A CM-point P ∈ H will be called special (SCM) if it is the fixed point of some fractional linear transformation γ ∈ (Φ • ϕ)(O K ) of determinant equal to 6, the discriminant of the algebra. Here O K stands for the ring of integers of K.
The theory of canonical models tells us that the curve associated to Γ 6 has a canonical model (X 6 , j 6 ) which is defined over Q. Hence there exists a one to one mapping (cf. section 2) j 6 : Γ 6 \H → X 6 (C).
CM-points are relevant since their coordinates j 6 (P ) generate class fields over imaginary quadratic fields.
A fundamental domain for the action of Γ 6 in H, together with its elliptic points and SCM-points, was computed in [1] . This information is collected in table 1 and figure 1. Together with the curve X 6 , we consider its quotients X two:
. Figures 2 and 3 show fundamental domains for the genus zero curves X (2) 6 , X (3) 6 , X (6) 6 , X 
6 and Γ
The above fundamental domains exhibit particular symmetries. We use some of them to cut fundamental half-domains, that is, half-domains containing all the vertices of a fundamental domain exactly once. Table 2 lists axes of symmetries and polygons defining fundamental half-domains for the curves X 6 , X (2) 6 , X Table 3 . Angles at the vertices of fundamental half-domains (1) 4t
6 .
6 (t 
For a non-constant smooth function f (z), let D(f, z) be its derivative. The automorphic derivative of f is defined as
The automorphic derivative Da(f, z) of a Γ-automorphic function f (z) is again a Γ-automorphic function. That is to say, for every γ ∈ Γ, z ∈ H the following equality holds: (2) 6 , j (3) 6 , j (6) 6 : H → P 1 (C) given by
6 ), and the function j 6 : H → P 2 (C) given in homogeneous coordinates by
define canonical models over Q of the curves X
6 , X (6) 6 , X 6 , respectively. For the last one, we have
These functions fulfil the following algebraic relations:
For the proofs of propositions 2.1, 2.2 and theorem 2.3 we refer the reader to [6] .
Uniformizing functions and theta constants
We consider the alternating bilinear form
where µ := −3J + IJ is such that µ 2 = −6. The form T is integer valued over O 6 . The matrices
define a symplectic basis in Φ(O 6 ) with respect to the bilinear form
(note that 6 equals the positive square root of the Pfaffian of T). Therefore, for a given point z ∈ H, Table 5 . Automorphic derivatives of the functions We define two period matrices by
Let ε be the embedding of the Poincaré upper half-plane H into the Siegel upper half-space H 2 of degree 2 defined by
Henceforth we let Sp(4, R) be the group of the symplectic (4 × 4)-matrices.
We let Γ 6 and the transformations Φ(w d ), d|6, act on Φ(O 6 ) by multiplication on the right. Since the action of Γ 6 preserves the alternating form E, and the elements Φ(w d ) act as symplectic similarities, we obtain two embeddings
, which, moreover, are compatible with ε. Hence, there exist well-defined mappings
where Sp + 6 (4, Z) denotes the subgroup of Sp(4, R) generated by Sp(4, Z) and
. . , x 6 be the roots of a sextic
Let us write (i, j) as an abridged notation for x i − x j and define, in accordance with [12] and [7] , the following symmetric functions of the roots: = (a 0 , . . . , a 6 ). Then, the projective Igusa invariants of the sextic are defined as
, and the absolute Igusa invariants as
As is well known, the points of Proj C [I 2 , I 4 , I 8 , I 10 ] not on I 10 = 0 form the variety M 2 of moduli of genus 2 curves.
We recall that, using theta constants, the Igusa invariants can be computed from the period matrix of the non-singular genus 2 curve with hyperelliptic model
We consider the Riemann theta function
Given a pair (r, s) of column vectors, r, s ∈ {0, 1/2} 2 , let c = t [r, s] . The theta function with half-integral characteristic c is defined, for z ∈ C 2 , Z ∈ H 2 , by
It is an even or odd function of z according to the parity of c:
For simplicity, we denote by ϑ i (Z) = ϑ[c i ](0; Z) the ten thetaconstants (Thetanullwerte) which correspond to the ten even characteristics (in a given order).
There are Siegel modular forms h 4 , h 10 , h 12 , h 16 , of the respective weights, defined in terms of theta constants, such that
In fact,
The expressions for h 12 , h 16 are more involved. They can be found in [7] and [9] .
The following proposition shows how the function t + 6 can be obtained by restriction of Siegel automorphic functions. (i) We have
Proof. (Sketch) Expression (i) follows from the work of Hashimoto-Murabayashi [11] , Baba-Granath [2] and Rotger [15] , [16] . In fact, Hashimoto-Murabayashi gave a parametric family of curves of genus 2 whose jacobian has quaternionic multiplication by O 6 . Using their result, Baba-Granath expressed a Hauptmodul for Γ + 6 in terms of Igusa invariants. Since Rotger proved that the quaternionic locus in Igusa's threefold A 2 corresponding to D = 6 is irreducible, a computation of the Baba-Granath function at three points allows the identification of our function t
Examples 3.2. The absolute Igusa invariants at ε(P 0 ) and ε(P 7 ) coincide. They were obtained by Bayer-Guàrdia [4] as
from the genus 2 curves
The periods of these curves are ε(P 0 ) and ε(P 7 ), respectively, and their jacobians have quaternionic multiplication by O 6 , so that these are fake elliptic curves in the sense of Serre. A direct computation using the second terms in theorem 3.1(i) recovers the values t + (P 0 ) = t + (P 7 ) = 0, given in table 4.
Local parameters
To obtain explicit expansions of the uniformizing functions around the elliptic points and around the CM-points we make a first choice of local parameters.
Let Γ ⊆ GL + (2, R) be a Fuchsian group projected in Γ ⊆ PSL(2, R). Let Γ P denote the isotropy group at a point P ∈ H of order e = #Γ P . We can expand each Γ P -automorphic function t around the point P as a power series
, where ζ is a 2e-primitive root of unity. Thus a n = 0 unless n ≡ 0 (mod e).
Definition 4.1.
A local parameter at a point P ∈ H for the Γ P -action is any function
where e = #Γ P is the order of the isotropy group at P and k ∈ C − {0} is a constant. The local parameter q(z) is said to be adapted to a non-constant Γ-automorphic function t(z) = ∞ n=m a ne q(z) n if, moreover, a re = 1 in the case that t−a 0 has a zero of order re at z = P , or a −re = 1 if t has a pole of order re at z = P . The corresponding adapted local constant k will be denoted by k(P, Γ, t) (occasionally by k P when no confusion can arise). Note that the adapted local constants are defined up to the product by an e-th root of unity.
Let us consider the hypergeometric function defined by the series 
The internal angles at these vertices are απ, βπ, γπ, where
By comparing the triangle [s(0), s(1), s(∞)] with the triangles we have used to define the functions t + 6 , t (2) 6 , and t (3) 6 , we obtain the corresponding adapted local constants k P at the elliptic points and SCM-points P . They are listed in table 6.
To compute the local parameters for the two remaining uniformizing functions, we use the following result, which relates adapted local constants in some particular situations.
Proposition 4.2. Let t be a non-constant automorphic function for the action of a Fuchsian group Γ ⊆ GL
+ (2, R), and P ∈ H a point of order e ≥ 1 for Γ P .
where the value of r is given in definition 4.1. (ii) Assume that t has a pole of order re at P . Then the constants k (P, Γ, t)
and k P, Γ, 1 1 − t are related by Table 6 . Adapted local constants for the triangle functions (iii) Assume that t(P ) = v, v = 0, ∞. Then the constants k (P, Γ, t) and Table 7 . Adapted local constants for the quadrilateral functions Table 7 lists the local constants k P adapted to the quadrilateral uniformizing functions t 6 and t (6) 6 in neighbourhoods of the vertices P of fundamental halfdomains and, also, in a neighbourhood of the SCM-point P 0 for the function t 6 .
In all the cases we are dealing with, it is r = 1. By considering an adapted local parameter
as a uniformizing variable in the neighbourhood of a point P , we obtain series expansions
Local expansions
We now normalize the uniformizing functions considered in the preceding sections.
Case t(P ) = ∞. We consider expansions of the shape
and normalize the function q by replacing q by ν −1 q, where the values of ν are listed in tables 6 and 7. Then we define the factor n v = νe!, where v = t(P ), and normalize the generating function t by t(P, q P ; z)
where the values of e P , k P and ν P are listed in tables 6 and 7.
and normalize the function q by replacing q by ν −1 q, where the values of ν are listed in tables 6 and 7. Then we define the factor n ∞ = ν(2e)! and normalize the generating function t by t(P, q P ; z) := n −1 ∞ t(z) so that
Each generating function t(P, q P ; z) is a representative of the homothety class of the corresponding function t which depends on the point P . The relations between them are compiled in table 8.
As an example, we provide the starting coefficients for some series expansions associated to the complex uniformizing function t 6 of the curve X 6 . 
X X
6 (P 6 , q P 6 ) t
6 (P 6 , q P 6 ) t (6) 6 (P 6 , q P 6 ) t 6 (P 6 , q P 6 ) 
Coefficients c n (1 ≤ n ≤ 10) of t 6 (P 3 , q P 3 ; z):
Transcendence classes of adapted local constants at elliptic points and at SCM-points Definition 6.1. Let K be any subfield of C. Given a, b ∈ C * , we write a ∼ K b for the equivalence relation defined by ab −1 ∈ K * . We say in this case that a and b have the same transcendence class over K and we identify C * /K * with the group of all transcendence classes over K of non-zero complex numbers. When K = Q, we simply write a ∼ b and say that a, b have the same transcendence class. Note that the transcendence class of 1 is Q * , and that 0, ∞ are excluded from our considerations. Hence our notation differs from that of [23] .
The following result is useful to compare the transcendence classes of local constants adapted to automorphic functions for different groups.
Let t, t , be non-constant automorphic functions for Γ, Γ . Then the functions t, t are algebraically dependent over a field K ⊆ C. Suppose, moreover, that
Proof. We prove only the second claim, since the first one is well known. By using proposition 4.2, we can certainly assume that t(P ) = t (P ) = 0. Let
We endow the variable X with the weight re P and the variable Y with the weight r e P , where e P = #Γ P , e P = #Γ P . The polynomial F can be written as
so that F s stands for an isobaric polynomial of weight s. Let s 0 > 0 be the least weight for which F s 0 (X, Y ) = 0. Let q P , q P be local parameters at P, P adapted to the functions t, t :
We have
.
From this we deduce that
This gives a non-trivial relation of the form
In what follows, we change the notation slightly and k(P, X, t) will also stand for k(P, Γ, t) if X = X(Γ) is the canonical model of the complex projective nonsingular curve defined by Γ.
Next we obtain representatives of the transcendence classes of the local constants adapted to the function t 6 at the elliptic points and at the SCM-points for Γ 6 . Theorem 6.3. The following relations hold:
Proof. Consider the 4-fold covering Γ 6 \H → Γ + 6 \H. The two classes in the first quotient defined by the points P 1 , P 3 , P 5 , P 6 are identified with the class in the second quotient defined by the point P 6 . Similarly, the two classes defined by P 2 , P 4 are identified with the class defined by P 4 , and the two classes defined by P 0 , P 7 , P 8 are identified with the class defined by P 0 . Thus the result follows from the equations in propositions 2.1, 4.2 and 6.2, and table 7.
Let H(df 2 ) be a complete set of non-equivalent positive definite primitive binary quadratic forms
, where d is a fundamental discriminant and f ≥ 1 is an integer, and let h = h(df 2 ) be the class number. The zeros in H of these forms, We consider the discriminant modular form ∆(z) := e 2πiz
where z ∈ H.
Next we recall the formula of Chowla-Selberg (cf. [17] ). For the case f = 1, it produces an expression for the product of the h(d) values ∆(τ j ) in terms of values of Euler's Γ-function at rational arguments:
Here d m is the Kronecker symbol, and w =
2, otherwise.
Definition 6.4. For a given fundamental discriminant d < 0, we put
. Proposition 6.5. We have
Proof. It suffices to observe that
Proof. To begin with we recall the expression of the modular function j(z) as a rational function of the modular function k(z):
By the classical complex multiplication theory, j(τ ) ∈ Q and, thus, k(τ ) ∈ Q. The elliptic curve with Jacobi model
is defined over Q, has complex multiplication by Q( √ d). Let 4K(τ ), 4K(τ )τ be is its period lattice. The Weierstrass model of E is also defined over Q. Now, by a theorem due to Chudnovsky (cf. [8] and [25] ), for every non-zero period λ ∈ Λ, the numbers λ and π are algebraically independent. Since
and after Chowla-Selberg we know that
Theorem 6.7. The local constants adapted to the functions t 6 , t
6 , t
6 , t + 6 at the elliptic points and at the SCM-points are transcendental. They are displayed in tables 6 and 7.
Once we have understood the nature of the local constants at the elliptic points and at the SCM-points of the curve X 6 , we may ask whether the results in theorem 6.7 remain true for every CM-point. We will see that this is the case in section 7.
Arithmetical properties of the canonical models
As we recalled in the proof of theorem 6.6, given an imaginary quadratic field K of discriminant d, there exists an elliptic curve E defined over Q with complex multiplication by K and a Q-rational holomorphic differential form ω in E such that
for all 1-cycles c on E. Moreover, we can choose an isomorphism ϕ :
Assume now that the field K is embeddable in H 6 and let P ∈ H be a CM-point by K. We can choose an embedding ϕ : K → H 6 by imposing that 
Proof. We begin by considering the case t = t + 6 . Taking into account definition 4.1 and propositions 6.2, 6.5, the following relations hold at the elliptic points for Γ
If P is a CM-point which is not elliptic for Γ Definition 7.2. Let K be an imaginary quadratic field of discriminant d. Suppose that K is embeddable in H 6 and let P ∈ H be a CM-point by K. Let Γ ⊆ GL + (2, R) be a Fuchsian group commensurable with Γ 6 .
(i) An arithmetical local parameter at P under the Γ-action is any function q P (z) := k z − P z − P e P , e P = #Γ P , for which k ∼ π d .
(ii) A Γ-automorphic function is called arithmetical at a CM-point P if its series expansion around P in powers of an arithmetical local parameter q P (z) has algebraic coefficients. (iii) A Γ-automorphic function is called arithmetical if it is arithmetical at every CM-point.
Putting all this together, we obtain the following theorem which tells us that, at least for D = 6, the Q-rational automorphic functions of the canonical models X(Γ) are precisely the arithmetical ones. table 5 ) together with theorem 7.1 show that t + 6 will be arithmetical at every CM-point P . Given our Γ-automorphic function t, we consider the polynomial F (T 1 , T 2 ) in C(T 1 )[T 2 ] such that F (t + 6 , T 2 ) is the monic irreducible polynomial of t over C(t + 6 ). Assume now that t satisfies (i). Then t(P ) ∈ Q ∪ {∞} for any CM-point P . Since we already know that t + 6 is arithmetical at every CM-point P and these points are dense in H, we must have that F ∈ Q(T 1 )[T 2 ]. It turns out that the function t is arithmetical at every point CM-point P so that (iii) is fulfilled.
Suppose now that (ii) is satisfied, with t being arithmetical at P , t(P ) = ∞; in particular t(P ) ∈ Q. From F (t + 6 (P ), t(P )) = 0, we deduce that F ∈ Q(T 1 )[T 2 ]. This implies that t(P ) ∈ Q and, thus, t will satisfy (i). If t(P ) = ∞, we just change t by 1/(1 − t) and repeat the argument for this function.
It is worth pointing out that the assertions in theorem 7.3 also hold in the modular case (corresponding to D = 1): the Q-rational functions of the modular curves are visible through their series expansions at infinity (in terms of the parameter q ∞ (z) = e 2πiz ), or through their series expansions around any other complex multiplication point (once the right arithmetical local parameters have been chosen, cf. [5] ).
We may conclude from our examples that the lack of cusps does not preclude the existence of an arithmetical theory of automorphic functions.
